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MG dau

S6 hoc luon dude coi 1a nit hoang ciia Toan hoc bdi trong né chita
dung nhiéu vé dep ctia tu duy logic. Khong nhu nhiéu nganh toan hoc
khac, trong S6 hoc ton tai rat nhiéu gia thuyét chua c6 cau tra 16i ma
hoc sinh ¢6 thé hiéu duge véi cac kién thic trung hoc co sé. Qua trinh
tim kiém 101 gidi cho cac gid thuyét d6 da lam nhiéu tu tudng 16n, nhieu
Iy thuyét 16n ctia toan hoc dude ndy sinh. Néu nhu trude day, S6 hoc
van duge xem nhu 1a linh vie toan hoc 1y thuyét thuan tiy, xa roi thuc
tién thi ngay nay, nho cé su phat trién manh mé ctia cong nghé may tinh
ma nhiéu thanh tyu mdéi nhat ctia S6 hoc c6 ing dung truc tiép vao cac
linh vic nhu bao mat thong tin, mat ma, s6 héa. Do S6 hoc duge ménh
danh 1 nit hoang clia tu duy nén céac bai toan vé S6 hoc luon luon xuat
hién va git mot vi tri quan trong trong cac ki thi hoc sinh gi6i quoc gia,
quoc té. S6 hoc nhu cau ndi tu nhien dua hoc sinh tiép can véi khoa hoc
hién dai. Vi thé viéc trang bi nhiing kién thitc co ban ctia S6 hoc cho
hoc sinh pho thong 14 hét siic can thiét.

Ban than toi 1a mot gido vien gidng day mon Toan 6 cap THCS.
Trong qua trinh giang day va on thi hoc sinh giéi, t6i thuong xuyén gap
cac bai toan s6 hoc dic biét 1a cac bai toan vé quan hé chia hét va s6
nguyén t6. Vi vay, toi da chon dé tai: “Maot s6 bai toan vé quan hé chia
hét, s6 nguyeén t6 va dinh gia p-adic” nham tim hiéu sau hon vé quan
hé chia hét, s6 nguyen t6 va cach van dung dé giai cac bai toan trong
cac dé thi hoc sinh gidi, ddc biét 1a viéc tim hiéu b6 dé nang, dinh gia
p-adic va cach van dung ching.

Ngoai phan mé dau, két luan va tai lieu tham khéo, luan van gom hai
chuong:

Chuong 1. Trong chuong nay luan van tap trung trinh bay mot sé
kién thitc co ban vé 1y thuyét chia hét: quan hé chia hét, sé6 nguyén t6
va hgp s6, u6c chung 16n nhat va thuat toan Euclid, trinh bay dinh 1y
co ban ctia s6 hoc, biéu dién s6 tu nhién theo mot co sé va ham tong cac
chit sb.
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Chuong 2. Trong chuong nay luan van tap trung trinh bay vé s6 mi,
dinh gia p-adic, va van dung két qua dat dudc vao viéc gidi mot so bai
toan so hoc trong cac dé thi hoc sinh gioi.

Luan van nay duge hoan thanh duéi syt huéng dan va chi bao tan tinh
ctia thay gido PGS. TS. Dam Van Nhi - Truong Dai hoc Su pham Ha
Noi. Toi xin bay t6 long kinh trong va biét on sau sic dén Thay vé su
huéng dan hieéu qua ciing nhitng kinh nghiém trong suét qua trinh hoc
tap, nghién cttu va hoan thanh luan van.

Toi xin gii t6i cac thay, co gido khoa Toan - Tin, phong Sau Dai hoc,
Truong Dai hoc Khoa Hoc - Dai hoc Thai Nguyén ciing nhu cac thay
gido, ¢O giao tham gia giang day 16p Cao hoc Toan K8B khoa 2014 -
2016 10i cAm on sau sic vé cong lao day doé trong sudt qué trinh gido
duc, dao tao clia nha truong. Toi ciing xin gt 10i cdm on dén Ban giam
hiéu truong THCS Dang Hai - Hai An - Hai Phong, cdc ban beé dong
nghiép va cac ban hoc vién da dong vién va gitip dé t6i trong qua trinh
hoan thanh luan van nay.

Hai Phong, thang 08 nam 2016.
Hoc vién

Nguyén Lé Minh



Chuong 1

Quan hé chia hét, s6 nguyén to

1.1 Quan hé chia hét

1.1.1 Quan hé chia hét

Dinh nghia 1.1.1. Cho hai s6 nguyén a,b € Z,b # 0. S6 nguyén a dugc
goi 1a chia hét cho s6 nguyen b hay b chia hét a néu ton tai ¢ € Z thoa
man a = be. Néu s6 nguyén a chia hét cho 2 thi a dugc goi 1& s6 chdn;
Con néu s6 nguyén a khong chia hét cho 2 thi a dude goi 1a s6 €.

Trong nhiéu truong hop, thay cho viéc néi a chia hét cho b ta viét a : b
hosic néi b chia hét a va viét b | a.! Khi a = be thi b dude goi 1a mot udc
clia a. Sau day ta co6 cac tinh chat co ban vé quan hé chia hét.

(1) 1|a véimoiacZ.

(2) alavéimoiac€Z,a#0.

(3) Néua|bvab|cthialcvéimoia,bceZvab0.
(4)  Néua | b thi|a| < |b| v6i moi a,b € Z va b # 0.

n
(5) Néualb véia,b; €Z,i=1,...,n, thial bx; véi x; € Z.
i=1

(6) Néua|bvab|athia=0bhoica=—bvéia,beZvaa,b#D0.
Dinh 1y 1.1.2. [Phép chia c6 du] Vdi mdi cip s6 nguyén a,b € Z,b #

0, ton tai duy nhat mot cap s6 nguyén q,r € Z sao cho a = qb+r, vdi
0<r<|bl.

ITheo thong lé qubc té, ngudi ta hay ding ky hieu b | a thay cho a : b.
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Chitng minh: Sy ton tai: Dat T = {n|b| sao cho n|b| < a,n € Z}. Vi
b > 1 nén —|a||b] < —|a] < a. Do d6 —|a||b| € T, vay T # 0. Vi T 1a
tap bi chan trén nén 7' ¢6 mot s6 16n nhat m|b|. T m|b| < a ta suy ra
r=a—mlb| = 0var € Z. Talai c6 (m~+1)|b| = m|b|+|b| > m|b|. Do tinh
16n nhat ctia m|b| trong T nén (m+1)|b| > a. Nhu vay |b| > a—m|b| = r
vatacoa=qgb+r véi0<r <|bl.

Tinh duy nhat: Gid sit ¢6 hai st biéu dién a = gb + 7 véi 0 < r < |b] va
a=qb+ry voi 0 < rp < |b|. Trit vé cho vé, ta duge r — 1 = b(q1 — q).
Nhung |r — 71| < |b] do d6 |q1 — q||b| < |b]. VAy ¢ = ¢ va hién nhién
r=ri. []

Trong biéu dién a = ¢b +r,0 < r < |b], & dinh ly trén, ¢ dugce goi la
thuong va r goi 14 s6 du trong phép chia a cho b. Ro rang r = 0 néu va
chi néu b | a.

Vidu 1.1.3. Ta co cdic vi du sau:

(1) Voia=57,b=14 thig=4 var = 1.
(2) Voia=—82,b=—17thiq=>5 var = 3.
(3) Vdia=—51,b=10 thi g = —6 va r =09.

1.1.2 Uéc chung 16n nhat va thuat toan Euclid

Uéc chung 16n nhat

Cho a,b 1a cac s6 nguyén khong dong thoi bang 0, khi dé tap hop cac
u6c chung cua a va b la hitu han.

Dinh nghia 1.1.4. Udc chung 16n nhat ctia hai s6 a va b khong dong
thoi bang 0 1a s6 nguyén 16n nhat 13 uéc clia cd a va b. Ta ki hieu udc
chung 16n nhat béi ged(a, b) hoac (a, b).

Dinh nghia 1.1.5. Céc s6 nguyeén a, b dudc goi 1a nguyén to cung nhau
néu (a,b) = 1.

Dinh 1y 1.1.6. Cho a va b la hai s6 nguyén khong dong thoi bang 0, khi
dé ton tai s6 nguyén xg,yo sao cho axy+ byy = (a,b). Hon nia

{ax + by;x,y € Z} = {k(a,b); k € Z}.
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Chitng minh: Dit S = {ax +by; x,y € Z} va goi d 1a s6 nguyen duong
nho nhat thuoc S. Gia sit g, yo 1a hai s6 nguyén sao cho axg+byy = d. Ta
ching minh {kd; k € Z} = S. That vay, hién nhién ring {kd; k € Z} C S.
Xét phan ti tuy ¥ u = az; + by; € S. B6i Dinh 1y ??, ton tai hai s6
nguyén q,r v6i u =dqg+1r va 0 < r < d. Mat khac

r=u—dq=alx; —x0q) + b(y1 — yoq) € S.

Suy ra r = 0 va u = dgq. Hon nita, tit a,b € S nén theo trén d | a va d | b,

dan dén d 1a mot uéc chung ctia a, b, vay d < (a,b). Lai ¢6 d = axqg + byg

nén (a,b)|d, do doé (a,b) < d. Tom lai d = (a,b). O
Tt chiing minh trén ta nhan duge hé qua sau:

Hé qua 1.1.7. (1) Udc chung lén nhat cia a,b chinh la sé nguyén
duong nhé nhat biéu dién duoc dudi dang ax + by vdi z,y € Z.

(2) Moi udc chung ciia a,b déu la wdc cia (a,b).
(3) Néu a,b,c,d € Z\ {0},a = bc+d thi (a,b) = (b,d).
(4) (0,a) = |a| vdi moi a € Z,a # 0.

Thuat toan Euclid

Dé tim uwéc chung 16n nhat ciia hai s6, ching ta thu’éng phan tich sb
d6 thanh nhan tit. Vi du (55,85) = (5- 11,5 - 17) = 5;(225,180) =
(32 -5%3%.5.2%) = 32.5 = 45. Tuy nhién viéc tim wéc chung 16n
nhat theo cach nay thuc sy khoé néu hai s6 da cho kha 16n. Hay thit tim
(1324567908, 25367892)? Biing cach sit dung phép chia véi duw, Dinh 1y
77, nguoi ta da chi ra mot thuat toan cho phép tim uéc chung 16n nhat
ctia hai s6 mot cach nhanh chéng, dé 1a thuat toan Euclid.

Dinh ly 1.1.8. [Thuat toan Euclid] Cho a,b € Z,b > 0. Thuc hién
lién tiép cdc phép chia cé du, ta co

qob+ 11 voi 0 <7y <0,

b = qri+1ry vot 0 <ry<m

T = @oro+r3 vii 0<1r3<nry
Th-2 = (n-1Tn—1+ 7Ty 001 0 <71, <71
Tn—1 = qnTn,qn > 1.

Khi do (a,b) = ry,.
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Chitng minh: Dat d = (a,b), khidé d | r; v6i0 < i < 7p. Suyrad < r,
tit r, > 0. Bang quy nap ta suy rar, | r,—; v6i 1 < j <n. Do d6 r, | a
va r, | b. Béi dinh nghia cta (a,b) ta suy ra r, = (a,b). O

Chi ¥ rang, do (a,b) = (b,r) nén ta c6 thé gia thiét hai s6 nguyén a va
b khong am va a > 0.

Nhu da nhan xét ¢ trén, (a,b) chinh 14 s6 nguyén duong nhd nhat
bieu dién dude duéi dang azx + by véi z,y € Z. Van dé dat ra la tim z, y
nhu thé nao? Thuat toan Euclid sé cho ta cach tim ra ching qua két qua
duéi day:

Dinh 1y 1.1.9. Néu d = (a,b) thi cé x,y € Z théa man d = ax + by.
Ching minh: Xay dyng hai day s6 nguyén (a;), (b;) theo cong thiic
truy hoi sao cho

ri = aia+bib,i=0,1,2,...v6irg = r.

Vir = a—qob, nén ta chon ag = 1, by = —qy va c¢6 dudgc ro = r = aga+byb.
T aja + bbb =1 = b— qirg = b — qi(apa + byb) nén ta c6 thé chon
a1 =—qap = —qi, b1 =1 — q1by = 1 + goq1. Tong quat, béi

aip10 + bip1b = ripr = riy — g1 = ai—1a + bi—1b — git1(aia + b;b)

ta chon cong thic truy hoi

ap =1 a1 = —q1 Air1 = Qi—1 — Qi1

bo = —qo b1 =1+ qoq bit1 = bi—1 — ¢it1bi, i > 1.

Vi g, =0nén z = ay_1,y = by_1 théa man xa + yb = (a, b). O

Vi du 1.1.10. Vdia = 1832,b = 234, ta ¢ (a,b) =2 va a- (—41) +b-
321 = 2.

Hé qua 1.1.11. Cho a,b € Z khong dong thoi bang khong. Khi do
(a,b) = 1 khi va chi khi ton tei v,y € Z dé ax + by = 1.

Tong quat hon nita ta c6 hé qua sau:

Hé qua 1.1.12. Cho a,b € 7Z khong dong thoi bang khong. Khi dé
(a,b) = d khi va chi khi ton tai v,y € Z dé ax+by = d va d la wdc chung
cia a va b.
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b
Chitng minh: Ta ¢6 (a,b) = d khi va chi khi (g ’g> — 1. Theo He
qua ?? ton tai x,y € Z de %a: + Y= 1. Nhan hai vé v6i d ta co
ax + by = d. O

Hé qua 1.1.13. Cho a,b, c € Z khong dong thoi bang khong. Néu (a,c) =
1, (b,c) =1 thi (ab,c) = 1.

Chiing minh: Theo Hé qua ?? ton tai x,y,2,t € Z dé ax + cy =
1,bz + ct = 1. Nhan vé véi vé ta co

1 = (ax 4 cy)(bz + ct) = abxy + c(axt + byz + cyt).
Van theo Hé qua ?? ta c¢6 (ab,c) = 1. O
Hé qua 1.1.14. Cho s6 nguyén to p va so6 nguyén tuy y m. Khi dé

p néupl|m
(1) (m,p) = ,
1 néupfm.

(2) Néup|abthip|a hoicp|b.

Dinh nghia 1.1.15. Cho cac s6 nguyén ay, . .., a, € Z khong dong thoi
bang 0. S6 nguyen d duge goi 1a wdc chung clia cac a; néu d | a; v6i moi
1=1,...,n.

Hién nhien +1, —1 1 wéc chung ctia moi tap hitu han céc s6 nguyéen. Ky
hiéu tap tat ca cac wéc chung clia ay,...,a, € Z la uc(ay,...,a,) va ta
thay ngay tap nay khac rong. Vi du uc(18, —15,21) = {1, -1, 3, —3}.

Dinh nghia 1.1.16. Cho cac s6 nguyén ay, . .., a, € Z khong dong thoi
bang 0. S6 nguyen d duge goi la wde chung lon nhat clia cac a; néu d 1a
s6 nguyén 16n nhat trong cac uéc chung clia cac a;. Ta ki hiéu u6c chung
16n nhat 1a (a1, as, ..., a,).

Nhu vay, s6 nguyéen d 1a wéc chung 16n nhat ctia aq, . . ., a, € Z khi va chi
khid|a;,i=1,...,n,vanéuc|a;i=1,...,n,thic|d. Khisbnguyéen
d 1& u6c chung 16n nhat cia aq, . .., a, thi —d ciing 1a u6c chung 16n nhat
clia ai,...,a,. Nguoi ta ky hiéu uwéc chung 16n nhat cta aq, ..., a, qua
(a1,...,a,) va chon no6 1a |d|. D& thay rang, (ai,...,a,) la s6 nguyén
duong 16n nhat ndm trong tap uc(ay,...,a,).

Chi y. Moi s6 nguyén deéu la uée ciia 0. Vay uc(0,...,0) = Z va khong
c6 (0,...,0). Vi thé ta khong xét truong hop nay.

T viec chitng minh u6c chung 16n nhat cho hai s6, chiing ta co theé
tong quat lén cac tinh chat sau cho nhiéu sé:



